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Abstract
For G any finite group, the left and right regular representations λ, respectively ρ of G into Perm(G)
map G into InHol(G) = ρ(G) · Inn(G). We determine regular embeddings of G into InHol(G) modulo
equivalence by conjugation in Hol(G) by automorphisms of G, for groups G that are semidirect products
G = Zh Zk of cyclic groups and have trivial centers. If h is the power of an odd prime p, then the number
of equivalence classes of regular embeddings of G into InHol(G) is equal to twice the number of fixed-point
free endomorphisms of G, and we determine that number. Each equivalence class of regular embeddings
determines a Hopf Galois structure on a Galois extension of fields L/K with Galois group G. We show that
if H1 is the Hopf algebra that gives the standard non-classical Hopf Galois structure on L/K , then H1 gives
a different Hopf Galois structure on L/K for each fixed-point free endomorphism of G.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction
For G any finite group, let Perm(G) denote the group of permutations on the set G, and let λ,
respectively ρ :G → Perm(G) be the embeddings of G into Perm(G), given by λ(g)(x) = gx,
respectively ρ(g)(x) = xg−1 for g in G and x in the set G. The existence of λ or ρ proves
Cayley’s Theorem that every group is isomorphic to a subgroup of a permutation group.
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embed G into Perm(G)?
It is reasonable to restrict the embeddings to those that share attributes of λ and ρ.
Let Aut(G) be the group of automorphisms of G, and Inn(G) the subgroup of Aut(G) con-
sisting of inner automorphisms, the image of the conjugation map C :G → Aut(G) given by
C(g)(x) = gxg−1. Inside Perm(G) is Hol(G) = ρ(G) · Aut(G), the normalizer in Perm(G)
of λ(G), and ρ(G) · Inn(G) is a subgroup of Hol(G) that we call InHol(G). Both λ and ρ map
G into InHol(G): ρ obviously, and λ by λ(g) = ρ(g−1)C(g).
Say that an embedding (1–1 homomorphism) β of G into Perm(G) is regular if the orbit of
the identity element of G under action by β(G) is all of G. Both λ and ρ are regular embeddings
of G into InHol(G).
Thus, a reasonable way to extend Cayley’s Theorem is to ask, what are the regular embeddings
of G into InHol(G)?
We can further refine the question via the following observation. Given an embedding β of G
into Hol(G), then following β by conjugation in Hol(G) by any automorphism δ of G yields
another embedding β ′ by
β ′(g) = δβ(g)δ−1 (1)
for all g in G. It is easy to see (and we will confirm below) that conjugating a regular embedding
of G into InHol(G) yields another regular embedding into InHol(G).
So it makes sense to define an equivalence relation on regular embeddings by the relation (1),
and determine the equivalence classes of regular embeddings of G into InHol(G).
The main purpose of this paper is to do just that for groups G that are semidirect products
of cyclic groups and have trivial centers. For example, we prove that if h is the power of an
odd prime p and the center of G is trivial, then the number of equivalence classes of regular
embeddings of G = Zh  Zk into InHol(G) is equal to twice the number of fixed-point free
endomorphisms of G.
Determining the equivalence classes of regular embeddings of G into InHol(G) is of extrinsic
interest. If L/K is a Galois extension of fields with Galois group G, then one can consider Hopf
Galois structures on L/K . A Hopf Galois structure consists of a K-Hopf algebra H and an H -
module algebra structure map H ⊗K L → L that satisfies all the formal properties that hold for
the obvious map
KG ⊗ L −→ L
induced from the action of G on L making L into a Galois extension of K (see [Ch00] for an
exposition). By results of Greither and Pareigis [GP87] and Byott [By96], there is a 1–1 map
from equivalence classes of regular embeddings β of G into Hol(G) to Hopf Galois structures
on L/K . The final section of this paper applies our results to Hopf Galois structures. In particular,
we observe that if L/K is a Galois extension with non-abelian Galois group G with trivial center,
then the K-Hopf algebra H1 that gives the standard non-classical Hopf Galois structure on L/K
also may have other actions on L making L/K into a Hopf Galois extension. When G = ZhZk ,
h is an odd prime power and G has trivial center, we show that there is a bijection between Hopf
Galois structures on L/K with Hopf algebra H1 and fixed-point free endomorphisms of G.
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In this section and the next, we look at semidirect products of finite cyclic groups.
To set notation, let h be an odd number, let φ(h) be the number of units of Z/hZ, let k be
a divisor of φ(h) and let b be an integer coprime to h so that the order of b modulo h is k. We
consider the semidirect product
G = Zh  Zk = 〈x, y〉
where
xh = yk = 1, yx = xby.
This last relation implies that for all c, d,m,
ydxc = xcbd yd
and for 1 d < k,
(
xcyd
)m = xc( bdm−1bd−1 )ydm.
We have:
Proposition 2.1. The center of G is trivial iff b − 1 is coprime to h.
Proof. Let xrys be in G for some r, s with 0 r < h, 0 s < k. Then xrys is in the center of G
iff
xrysx = xxrys
and
xrysy = yxrys.
The first relation holds iff
ysx = xys,
i.e.
xb
s = x.
Since x has order h and bs ≡ 1 (mod h) iff s = 0, the first relation holds iff s = 0. Then the
second relation is equivalent to
xrb = xr ,
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(b − 1)r ≡ 0 (mod h).
Then r can only be 0 iff b − 1 is coprime to h. 
The center of G is trivial iff for any prime power p dividing h, if pe is the highest power of
the prime p that divides h, then b is not a principal unit modulo pe, if and only if the order k of b
modulo pe is not a divisor of pe−1.
3. Endomorphisms of G
We wish to determine the endomorphisms of G = Zh  Zk as described in Section 2.
Proposition 3.1. Let α :G → G be an endomorphism. If
α(x) = xmyn,
α(y) = xrys
with 0m,r < h, 0 n, s < k, then
n = 0,
m
(
bs−1 − 1)≡ 0 (mod h), and
h divides r
bsk − 1
bs − 1 if s 	= 0,
h divides rk if s = 0.
Proof. α(x) and α(y) must satisfy:
α(x)h = (xmyn)h = 1, (2)
α(y)k = (xrys)k = 1, (3)
and
α(y)α(x) = α(x)bα(y). (4)
Equation (4) implies that
xrysxmyn = (xmyn)bxrys.
Collecting the exponents of y yields the condition
s + n ≡ bn + s (mod k)
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(b − 1)n ≡ 0 (mod k).
Equation (2) implies that
ynh = 1,
hence
hn ≡ 0 (mod k).
Since b − 1 and h are coprime, the two congruences on n imply that n = 0.
Thus any endomorphism α restricts to an endomorphism of Zh = 〈x〉.
With n = 0, Eq. (2) holds for all m. Equation (4) is equivalent to
xrysxm = xmbxrys,
hence to
r + mbs ≡ r + mb (mod h)
or
m
(
bs−1 − 1)≡ 0 (mod h); (5)
and Eq. (3) is equivalent to
x
r( b
sk−1
bs−1 )ysk = 1,
hence to
h divides r
bsk − 1
bs − 1 (6)
if s 	= 0, and to
h divides rk (7)
if s = 0. 
Note that for any m and s that satisfy (5), then (6), respectively (7) define a condition on r .
Thus the endomorphisms of G are determined by m and s satisfying (5).
Condition (5) implies:
Proposition 3.2. If α is an automorphism on Zh, then s = 1.
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m
(
bs−1 − 1)≡ 0 (mod h)
implies
bs−1 ≡ 1 (mod h).
But b has order k modulo h, so since 0 s < k, we must have s − 1 = 0. 
4. Regular embeddings
Let G be a finite group with trivial center. In this section we describe a collection of regular
embeddings of G into InHol(G) in terms of fixed-point free endomorphisms of G.
Let β :G → Hol(G) = ρ(G) · Aut(G)  Perm(G) be an embedding. If e is the identity ele-
ment of the set G, then β is regular if and only if β(G)(e) = G.
Now Hol(G) ∼= G Aut(G). If we view β as an isomorphism from G into G Aut(G), then
for g in G, writing β(g) = hα for h in G, α in Aut(G), then β(g)(e) = ρ(h)α(e) = ρ(h)(e) =
h−1, since Aut(G) fixes e. Thus β is regular iff
π1β :G −→ G  Aut(G) −→ G
is an onto function, where π1 is the projection from G  Aut(G) onto the left factor.
Given this criterion for regularity of embeddings, we will henceforth identify Hol(G) = G 
Aut(G) and InHol(G) = G  Inn(G).
Since π1 is not a homomorphism, determining regularity of an embedding β :G → Hol(G)
by the ontoness of π1β is awkward. However, if we consider embeddings of G into InHol(G) =
G  Inn(G), then understanding regularity is made easier by the following observations, first
utilized in [CC99]:
Proposition 4.1. If G has trivial center, then InHol(G) ∼= G × G.
Proof. If G has trivial center, then the conjugation map C :G → Inn(G) is an isomorphism.
Assuming that, let
i :G × G −→ G  Inn(G)
where i(g,h) = gh−1C(h) for g,h in G. Then i has a well-defined inverse
j :G  Inn(G) −→ G × G
by j (gC(h)) = (gh,h) for g,h in G. Verifying that i and j are homomorphisms and inverses of
each other is routine. 
This map enables us to “unwind” embeddings of G into InHol(G):
242 L.N. Childs, J. Corradino / Journal of Algebra 308 (2007) 236–251Proposition 4.2. Let G have trivial center and suppose β :G → InHol(G) is a homomorphism.
Then there exist endomorphisms β1 and β2 of G so that for all g in G,
β(g) = β1(g)β2(g)−1C
(
β2(g)
)
.
Proof. Let πi :G × G → G be the projection map onto the ith factor, i = 1,2. For β :G →
G  Inn(G), let
βi = πijβ for i = 1,2.
Then β1 and β2 are endomorphisms of G and jβ(g) = (β1(g),β2(g)). Hence
β(g) = ijβ(g) = β1(g)β2(g)−1C
(
β2(g)
)
for g ∈ G. 
Given this unwinding of β :G → InHol(G), then the embedding β is regular iff
{
β1(g)β2(g)
−1 ∣∣ g ∈ G}= G.
It is easy to see that the embedding β is regular iff the only g on which β1 and β2 agree is the
identity element of G. This suggests the following definition:
Definition 4.3. A pair of endomorphisms (β1, β2) of G is fixed-point free if the identity element
1 of G is the only g in G such that β1(g) = β2(g).
The problem of finding regular embeddings of G into InHol(G) is then transformed into the
problem of finding all fixed-point free pairs of endomorphisms of G.
If one of β1, β2 is the identity automorphism, then the pair (β1, β2) of G is fixed-point free iff
the non-identity endomorphism is fixed-point free in the usual sense: an endomorphism α of G
is fixed-point free if the only g in G so that α(g) = g is the identity element of G.
We are interested not just in regular embeddings, but in equivalence classes of regular embed-
dings of G into InHol(G).
Recall that two embeddings β,β ′ of G into Hol(G) are equivalent if there exists an automor-
phism δ so that for all g in G, β ′(g) = δβ(g)δ−1. If β1, β2 are endomorphisms of G,
β :G −→ InHol(G)
is the embedding given by β(g) = β1(g)β2(g)−1C(β2(g)), and δ is an automorphism of G, then
δβ(g)δ−1 = δβ1(g)δβ2(g)−1C
(
δ
(
β2(g)
))
. (8)
Thus the equivalence on embeddings corresponds to an equivalence on pairs of endomorphisms:
Definition 4.4. Two pairs (β1, β2) and (β ′1, β ′2) of endomorphisms of G are equivalent if there
exists an automorphism δ of G so that (β ′ , β ′ ) = (δβ1, δβ2).1 2
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Thus if an embedding β is a regular embedding into InHol(G), then so is any embedding equiv-
alent to β under conjugation by an automorphism of G.
This fact is particularly useful when one of the endomorphisms βi corresponding to β is an
automorphism:
Lemma 4.5. Let β be an embedding. If βi is an automorphism for i = 1 or 2 then there exists
δ ∈ Aut(G) so that in InHol(G),
δ−1β(g)δ = β ′(g),
where β ′i (g) = g for all g ∈ G.
Proof. Referring to (8), if β1 is an automorphism, then let δ = β−11 ; if β2 is an automorphism, let
δ = β−12 . In either case, the resulting embedding β ′ has the property that β ′1 or β ′2 is the identity
automorphism. 
Theorem 4.6. For each fixed-point free automorphism of G, there is one equivalence class of
regular embeddings of G into InHol(G). For each fixed-point free endomorphism of G that is
not an automorphism of G, there are two equivalence classes of regular embeddings of G into
InHol(G).
Proof. If φ is a fixed-point free endomorphism of G, then
βL :G −→ InHol(G), βL(g) = φ(g)g−1C(g)
and
βR :G −→ InHol(G), βR(g) = gφ(g)−1C
(
φ(g)
)
are regular embeddings of G into InHol(G). The main part of the proof is to show that all of
these embeddings corresponding to different φ represent different equivalence classes except in
the case where φ is an automorphism, in which case the corresponding embeddings βL and βR
are equivalent.
We have three cases to consider.
In the first case, suppose we are given φ and φ′, each fixed-point free. If the corresponding
left embeddings βL and βL′ are equivalent, then there is some automorphism δ of G so that
βL(g) = φ1(g)g−1C(g) = δ
(
φ1′(g)
)
δ(g)−1C
(
δ(g)
)= β ′L(g).
In particular, C(δ(g)) = C(g) for all g in G. Since G has trivial center, C is 1–1, hence δ(g) = g
for all g in G, and so δ is the identity automorphism. Thus β ′L = βL.
In the second case, suppose given φ and φ′, each fixed-point free. Suppose for all g in G,
βR(g) = gφ′
(
g−1
)
C
(
φ′(g)
)= δ(g)δφ(g−1)C(δφ′(g))= βR(g)
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C
(
φ′(g)
)= C(δφ(g)).
Since C is an injection, we have φ′(g) = δφ(g) for all g in G. Substituting gives
δ(g)δφ(g)−1 = gφ′(g)−1 = gδφ(g)−1.
Hence δ(g) = g, and δ is the identity automorphism. Thus if βR is equivalent to βR′ then
βR = βR′ .
Finally, we must determine equivalence for left and right embeddings, that is when βL is
equivalent to βR. Suppose given fixed-point free endomorphisms φ,φ′ and
βL(g) = φ(g)g−1C(g) = δ(g)δφ′(g)−1C
(
δ
(
φ′(g)
))= βR(g).
Then C(g) = C(δφ′(g)) so that g = δ(φ′(g)) for all g in G, hence δ−1 = φ′. Also, we may
substitute in the first component to get
φ(g)g−1 = δ(g)g−1
which implies φ(g) = δ(g), so that φ = δ. Thus the only time a βL is equivalent to a βR is when
φ = φ′−1 is a fixed-point free automorphism of G. 
5. Fixed-point free pairs of endomorphisms
In this section we seek fixed-point free pairs of endomorphisms (β1, β2) when G = Zh  Zk ,
with h odd, is a group with trivial center.
Let
β1(x) = xm1, β1(y) = xr1ys1, (9)
β2(x) = xm2, β2(y) = xr2ys2 . (10)
We show:
Proposition 5.1. For G = Zh  Zk with trivial center, a pair (β1, β2) of endomorphisms of G,
defined by (9) and (10), is fixed-point free iff m1 − m2 and h are coprime and s1 − s2 and k are
coprime.
Proof. By (5),
mi
(
bsi−1 − 1)≡ 0 (mod h)
for i = 1,2. Suppose for some c, d ,
β1
(
xcyd
)= β2(xcyd).
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xcm1x
r1(
bs1d−1
bs1 −1 )ys1d = xcm2xr2( b
s2d−1
bs2 −1 )ys2d . (11)
Looking at the powers of y gives
d(s1 − s2) ≡ 0 (mod k). (12)
Looking at the powers of x gives
c(m1 − m2) ≡ r2
(
bs2d − 1
bs2 − 1
)
− r1
(
bs1d − 1
bs1 − 1
)
(mod h). (13)
If (m1 − m2, h) > 1 set d = 0 and find c 	= 0 so that h divides c(m1 − m2). Then (β1, β2) is
not fixed-point free.
If m1 − m2 and h are coprime, but (s1 − s2, k) > 1, find d 	= 0 so that k divides d(s1 − s2),
then solve for c in (13) to find a fixed-point of the pair (β1, β2).
If m1 −m2 and h are coprime, and s1 − s2 and k are coprime, then the only solution of (12) is
d = 0, in which case (13) becomes c(m1 −m2) ≡ 0 (mod h), hence c = 0. Thus the pair (β1, β2)
is fixed-point free. 
Corollary 5.2. An endomorphism α of G with α(x) = xm, α(y) = xrys is fixed-point free iff
(m − 1, h) = 1 and (s − 1, k) = 1.
Proof. Let β1 = α and β2 be the identity automorphism (so that m2 = s2 = 1) in Proposi-
tion 5.1. 
Since any automorphism has s = 1 (by Proposition 3.2), we conclude:
Corollary 5.3. Any automorphism α of G has a fixed point.
6. h a prime power
Now let G = Zh Zk with trivial center, where h = pe is a power of an odd prime. We apply
the results of Section 5 to determine the number of equivalence classes of regular embeddings
of G into InHol(G).
We need:
Lemma 6.1. Let h = pe and let φ be an endomorphism of G. If φ is not an automorphism, then
φ is not 1–1 on Zh.
Proof. Let G = 〈x, y〉 with xh = yk = 1, yx = xby. We know from Proposition 3.2 that if
φ(x) = xm with m coprime to p, then s = 1. It follows that φ is 1–1 on G. For if φ(xcyd) =
xcm(xry)d = 1 for some c, d , then d = 0 and then since m is coprime to p, we must have
c = 0. 
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automorphism.
Proof. If β is regular then the set
{
g
∣∣ β1(g) = β2(g)}= {1}.
Assume that neither β1 nor β2 is an automorphism. Then β1(x) = xpf and β2(x) = xpg for some
f,g. Then β1(xp
e−1
) = β2(xpe−1) = 1, hence β is not regular. 
A consequence of this lemma is that we can assume that any equivalence class of regular
embeddings of G into InHol(G) is of the form βL (β2 is the identity) or βR (β1 is the identity),
where in each case the non-identity endomorphism is fixed-point free.
When looking for fixed-point free endomorphisms, Corollary 5.3 shows that any such endo-
morphism cannot be an automorphism. Theorem 4.6 then implies:
Corollary 6.3. Suppose G = Zh  Zk where h = pe, an odd prime power, and G has trivial
center. The number of equivalence classes of regular embeddings of G into InHol(G) is equal to
twice the number of fixed-point free endomorphisms of G.
Now we determine how many fixed-point free endomorphisms G has.
Let G = Zh  Zk = 〈x, y〉 where h = pe with p an odd prime. Let k = qpf with 1 < q
coprime to p and 0 f < e. We have xh = yk = 1, yx = xby as before.
Let φ be an endomorphism of G. Then φ(x) = xm, φ(y) = xrys , and m,r, s must satisfy
m
(
bs−1 − 1)≡ 0 (mod h); (14)
also, if s = 0, then
rk ≡ 0 (mod h), (15)
while if s 	= 0, then
r
(
bsk − 1
bs − 1
)
≡ 0 (mod h). (16)
If also φ is fixed-point free, then we require that m − 1 be coprime to h and s − 1 be coprime
to k.
Lemma 6.4. With G as in the last proposition, if φ is a fixed-point free endomorphism of G, then
m = 0.
Proof. Since q > 1 and b has order k modulo pe, we know that b 	≡ 1 (mod p), but, of course,
bk ≡ 1 (mod p). If φ is fixed-point free, then by Corollary 5.2, m − 1 is coprime to h = pe and
s − 1 is coprime to k. The latter implies that s − 1 has an inverse t modulo k. But then
bs−1 	≡ 1 (mod p).
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b ≡ b(s−1)t ≡ 1 (mod p),
impossible. Thus bs−1 − 1 is a unit modulo h = pe. Then condition (14) for φ to be an endomor-
phism implies that m ≡ 0 (mod h). 
Now we apply the other conditions that φ be an endomorphism.
If s = 0, then s − 1 is coprime to k, so φ is a fixed-point free endomorphism provided
r
(
qpf
)≡ 0 (mod pe)
which holds for every r with 0  r < pe and divisible by pe−f . Thus r = pe−f r1 with 0 
r1 < pf .
If s ≡ 0 (mod q), then s = qpcs1 for some c, with s1 coprime to p. Then
bs = (bq)pcs1 = (1 + pe−f y)pcs1
= 1 + pc+e−f y1
for some y, y1 coprime to p, while
bsk = (bq)(pcs1)qpf = (1 + pe−f y)pc+f qs1
= 1 + pc+ey1
for some y, y1 coprime to p. Thus
bsk − 1
bs − 1 = p
f z
for some z coprime to p. Thus condition (16) implies that pe−f divides r , and so, as with s = 0,
we find that if s ≡ 0 (mod q) then there are pf choices for r .
If s 	≡ 0 (mod q), then bs − 1 is not a multiple of p, while bsk − 1 ≡ 0 (mod pe). So in this
case, r can be any number modulo pe.
Now we count the possibilities.
If s ≡ 0 (mod q), then s − 1 is a unit modulo q . If f > 0 then for s − 1 to be coprime to k, we
need s − 1 to be a unit modulo pf . The number of s modulo k satisfying
s ≡ 0 (mod q),
s − 1 a unit mod pf
is φ(pf ), the number of units modulo pf . For each such s we have pf choices for r . If f = 0,
then (s, r) = (0,0), so there is one (= pf ) choice for r .
If s 	≡ 0 (mod q), then we require that s − 1 is a unit modulo q and, if f > 0, that s − 1 is a
unit modulo pf . Thus there are φ(q) − 1 choices for s modulo q , and φ(pf ) choices for s − 1
modulo pf . By the Chinese Remainder Theorem each pair of choices modulo q and pf yields
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there are pe choices for r . If s 	≡ 0 (mod q) and f = 0, then there are φ(q)− 1 choices for s. For
each such choice of s there are pe choices for r .
Summing up, and with the standard convention that φ(1) = 1, we have:
Theorem 6.5. Let G = Zh  Zk with h = pe, p odd, and k = qpf with q > 1 and coprime to p.
The number of fixed-point free endomorphisms of G is
E(G) = φ(pf )pf + φ(pf )(φ(q) − 1)pe,
and there are exactly 2E(G) equivalence classes of regular embeddings of G into InHol(G).
Example 6.6. Let G21 be the Frobenius group of order 21, that is, the semidirect product of Z7
and Z3. Then h = pe = 7, k = q = 3, e = 1, pf = 1 and G21 has 8 fixed-point free endomor-
phisms.
Example 6.7. Let G be the semidirect product of Z25 and Z10 < Aut(Z25). Then h = 52,
k = 2 · 5, so q = 2, pf = 5, pe = 25 and G has 20 fixed-point free endomorphisms.
Example 6.8. Let G = Hol(Zp) be the semidirect product of Zp and Zp−1 where (p − 1)/2 = 	
is prime. Then G has 1 + [(	 − 1) − 1]p = 1 + p(	 − 2) fixed-point free endomorphisms.
More generally,
Corollary 6.9. Let G = Hol(Zpe) be the semidirect product of Zpe and Zpe−1(p−1). Then G has
2E(G) = 2pe−2(p − 1)pe−1 + 2pe−2(p − 1)(φ(p − 1) − 1)pe
equivalence classes of regular embeddings of G into InHol(G).
Since Hol(Zpe) is a complete group, every automorphism of G is inner, hence InHol(G) =
Hol(G) and we recover Theorem 2.1 of [Ch03].
7. Some examples for general h
Let G = Zh  Zk = 〈x, y〉 with xh = 1 = yk, yx = xby, and assume G has trivial center. We
know from Lemma 6.2 that when h is a prime power, if (β1, β2) is a fixed-point free pair of endo-
morphisms of G, then β1 or β2 is an automorphism, and so the pair of endomorphisms (β1, β2) is
equivalent (cf. Definition 4.4 ) to a pair (1, φ) or (φ,1), where 1 is the identity automorphism and
φ is a fixed-point free endomorphism. In this section we exhibit groups G = Zh  Zk that have
fixed-point free pairs of endomorphisms (β1, β2) in which neither β1 nor β2 is an automorphism.
Let p1, . . . , pg be distinct odd primes. For each i, let qi > 1 divide pi − 1, and suppose
q1, . . . , qg are pairwise coprime and also that q1 · · ·qg and p1 · · ·pg are coprime. (For example,
p1 = 7, q1 = 6, p2 = 11, q2 = 5.) For any ei  1 and fi  ei − 1, let hi = peii and ki = qipfii .
Let bi in Z have order ki modulo hi , and let
Gi = Zhi  Zki = 〈xi, yi〉
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i = 1 = ykii , yixi = xbii yi .
Then the orders of Gi and Gj are coprime for i 	= j .
Let h = h1 · · ·hg , k = k1 · · ·kg and let b ≡ bi (mod hi) for all i. Then b has order k modulo h.
Let G = Zh  Zk = 〈x, y〉 with xh = yk = 1, yx = xby. It is a routine exercise to verify that
G ∼= G1 × · · · × Gg
via the map x → (x1, . . . , xg), y → (y1, . . . , yg).
If φ is an endomorphism of G, then φ restricts to an endomorphism φi of Gi for each i, and
conversely, if φi is an endomorphism of Gi for each i, then there is a unique endomorphism φ
of G so that φ restricts to φi on Gi for each i. Thus there is a one-to-one correspondence between
endomorphisms of G and g-tuples of endomorphisms (φ1, . . . , φg) of G1 × · · · × Gg .
Thus for g > 1 we may construct fixed-point free pairs of endomorphisms (β1, β2) of G as
follows: Pick any subset S′ of {1,2, . . . , g}, let S′′ be the complement of S′ in {1,2, . . . , g}. For
each j with 1 j  g, let φj be a fixed-point free endomorphism of Gj . Let
β1 = (β1,1, . . . , β1,g), β2 = (β2,1, . . . , β2,g)
where β1,j = φj , β2,j = 1 if j is in S′, and β1,j = 1, β2,j = φj if j is in S′′. Then β1, β2 is a fixed-
point free pair, and β1, respectively β2, is an automorphism if and only if S′′, respectively S′,
is empty.
Conversely, if (β1, β2) is a fixed-point free pair of endomorphisms of G, then (β1, β2) in-
duces a pair of fixed-point free endomorphisms (β1,j , β2,j ) of Gj for j = 1, . . . , g, and hence
up to equivalence, either β1,j = 1 or β2,j = 1. Thus the pair (β1, β2) defines a partition S′ ∪ S′′
of {1, . . . , g} and a g-tuple of fixed-point free pairs of endomorphisms on G1, . . . ,Gg .
Since there are 2g partitions S′ ∪ S′′ of {1, . . . , g}, we conclude:
Proposition 7.1. Let G ∼= G1 × · · · × Gg as above, where Gi = Zhi  Zki , hi is an odd prime
power, and the orders of Gi and Gj are coprime for i 	= j . Then G has
2g
g∏
i=1
E(Gi)
equivalence classes of fixed-point free pairs of endomorphisms, of which
(
2g − 2)
g∏
i=1
E(Gi)
classes are represented by pairs (β1, β2) in which neither β1 nor β2 are automorphisms.
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As noted in the introduction, results of Greither and Pareigis [GP87] and Byott [By96] show
that if L/K is a Galois extension of fields with Galois group G, then any equivalence class of
regular embeddings of G into InHol(G) yields a Hopf Galois structure on L/K by a K-Hopf
algebra H with the property that L⊗K H is isomorphic as L-Hopf algebras to the group ring LG.
In the remainder of this section, assume
(
) G = Zh  Zk as in Section 6: h = pe with p an odd prime, G = 〈x, y〉 with xh = yk =
1, yx = xby, where b has order k modulo h and G has trivial center, or equivalently b − 1 is
coprime to p.
If L/K is a Galois extension with Galois group G, then Theorem 6.5 shows that there are at
least 2E(G) Hopf Galois structures on L/K .
Now InHol(G) = G  Inn(G), and the map π2 : InHol(G) → Aut(G) by gC(h) → C(h) is a
homomorphism. If β :G → InHol(G) is a regular embedding, then the composite map π2β is a
homomorphism. Proposition 7.7 of [Ch00] then gives:
Theorem 8.1. Let L/K be a Galois extension of fields, with Galois group G = Zh b Zk where
h = pe is an odd prime power as in (
). Let β :G → InHol(G) be a regular embedding such
that β(g) = β1(g)g−1C(g) where β1 is a fixed-point free endomorphism of G. Then the K-Hopf
algebra structure on L/K corresponding to β has the property that the K-Hopf algebra acting
on L is
H1 = LGG,
the elements of the group ring LG fixed under the action of G, where G acts on L via the Galois
action and on G by conjugation: g(sh) = g(s)ghg−1 for g,h in G, s in L.
We have a converse of this result:
Theorem 8.2. Let L/K be a Galois extension of fields, with Galois group G = Zh b Zk where
h = pe is an odd prime power as in (
). Let β :G → Hol(G) be a regular embedding, and
suppose the corresponding K-Hopf algebra acting on L is H1 as in Theorem 8.1. Then β maps
into InHol(G) and
β(τ) = β1(τ )τ−1C(τ)
for β1 some fixed-point free endomorphism of G. The equivalence class of β is then uniquely
determined by β1.
Proof. Let π : Hol(G) → Aut(G) be the canonical map. Then the K-Hopf algebra H giving
the Hopf Galois structure on L/K arising from β is LGG, where G acts on L by the Galois
action and on G via πβ . If for all σ in G, πβ(τ)(σ ) = C(τ)(σ ), then πβ is the canonical map
from G to Inn(G), and so β maps into InHol(G). Thus β(τ) = β1(τ )τ−1C(τ) for all τ in G by
Proposition 4.2, and the final assertion of the theorem follows from the first case of the proof of
Theorem 4.6. 
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set β1(g) = 1 for all g, then the corresponding action is the classical action by the group ring
of the Galois group G if and only if G is abelian; otherwise H1 with that action gives the other
Hopf Galois structure known to exist on any Galois extension of fields with non-abelian Galois
group, first described in [GP87, Theorem 5.3].
For a description of H1 when G = S3, see [Ch00, (6.12)].
Theorem 6.5 yields:
Corollary 8.3. Let L/K be a Galois extension of fields, with Galois group G = Zh b Zk where
h = pe is an odd prime power as in (
). Let H1 = LGG where G acts on L by the Galois action
and on G by conjugation. Then there are exactly
E(G) = φ(pf )pf + φ(pf )(φ(q) − 1)pe
different Hopf Galois actions of the Hopf algebra H1 on L/K .
To our knowledge, this is the first non-trivial result that counts the number of Hopf Galois
structures by a single K-Hopf algebra on a Galois extension L/K .
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